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Biphotons of narrow bandwidth and long temporal length play a crucial role in long-distance
quantum communication (LDQC) and linear optical quantum computing (LOQC). However, gen-
eration of these photons usually requires atomic ensembles with high optical depth or spontaneous
parametric down-conversion with sophisticated optical cavity. By manipulating the two-component
biphoton wavefunction generated from a low-optical-depth (low-OD) atomic ensemble, we demon-
strate biphotons with subnatural linewidth in the sub-MHz regime. The potential of shaping and
manipulating the quantum wavepackets of these temporally long photons is also demonstrated and
discussed. Our work has potential applications in realizing quantum repeaters and large cluster
states for LDQC and LOQC, respectively. The possibility to generate and manipulate subnatural-
linewidth biphotons with low OD also opens up new opportunity to miniaturize the biphoton source
for implementing quantum technologies on chip-scale quantum devices.
PACS numbers: 42.50.Dv, 42.50.-p
I. INTRODUCTION
Narrowband biphotons with subnatural linewidth
plays an indispensable role in photonic quantum tech-
nologies [1]. For example, the implementation of quan-
tum repeaters [2] for long-distance quantum communica-
tion or large cluster states [3] for linear optical quantum
computing relies on the photonic entanglement stored
in quantum memories. The use of narrowband pho-
tons is thus advantageous for increasing the storage ef-
ficiency particularly in the electromagnetically-induced-
transparency-based (EIT-based) quantum memories [4–
14]. Moreover, the possibility to manipulate the wave-
form of narrowband biphotons or heralded single pho-
tons has also made possible the faithful quantum-state
mapping [15], high-efficiency quantum memory [16, 17],
the efficient loading of single photons into a cavity [18],
the purification of single photon [19], the measurement
of ultrashort biphotons [20], and the revival of quan-
tum interference and entanglement [21]. By manipulat-
ing the phase composition of the wavefunction, narrow-
band single photons can also be hidden in a noisy envi-
ronment [22] and photon pairs can behave like fermions
[23].
Narrowband biphotons or single photons can be re-
alized by various mechanisms [24–41]. However, the
efficient generation of subnatural-linewidth biphotons,
which is advantageous for efficient light-matter inter-
action at the single-photon level, typically necessitates
large (relative) group delays τg ≈ L/Vg with high-optical-
depth (high-OD) atomic ensembles, where L is the length
of the atomic cloud and Vg is the anti-Stokes group ve-
locity, or sophisticated optical cavities with paramet-
ric down-conversion. Here, by manipulating the two-
component biphoton wavefunction in a low-OD atomic
ensemble, we demonstrate subnatural-linewidth bipho-
tons with a group delay tens of times smaller than
the previous works. Moreover, we achieve a biphoton
linewidth in the sub-MHz regime with a limitation only
imposed by the ground-state decoherence. Thanks to
the possibility of controlling the quantum interference
between the two-component biphotons, we also demon-
strate the feasibility of shaping these biphotons and
discuss their potential applications. As future quan-
tum technologies require integrated optics architecture
for improved performance and scalability, our work al-
lows the miniaturization of subnatural-linewidth bipho-
ton or single-photon source for chip-scale quantum de-
vices [42, 43], where the realization of high OD is chal-
lenging.
This paper is organized as follows. In Sec. II we dis-
cuss the key features of the biphoton generation exploit-
ing off-resonance coupling field in spontaneous four-wave
mixing (FWM). The experimental setup is then intro-
duced in Sec. III. The demonstration of the controlled
quantum interference and sub-MHz-linewidth biphotons
are described in Sec. IV and Sec. V, respectively. Fi-
nally, the applications of the spontaneous FWM with
off-resonance coupling field are given in Sec. VI before
we conclude our work in Sec. VII.
II. BIPHOTON GENERATION AT LOW
OPTICAL DEPTH
Fig. 1(a) illustrates the energy level diagram used
in our experiment, where the biphotons are generated
through the spontaneous FWM [24–29]. In contrast to
the previous works, where the EIT is exploited to obtain
large group delays and narrow linewidths, the group de-
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FIG. 1: (a) Energy level diagram of the biphoton generation.
If ∆c = 0, the biphotons either (b) are spectrally insepara-
ble (Ωc = 0.5γ13) or (c) have linewidths limited by γ13 + γ12
(Ωc = 15γ13). (d) If ∆c 6= 0, the biphoton linewidth is tun-
able by controlling ∆c. The dash and solid lines correspond
to the natural linewidth and the MHz linewidth, respectively.
(e) With ∆c = 45γ13 (Ωc = 14.8γ13), sub-MHz biphoton
linewidth can be achieved with a dominant spectral power
density.
lay in our experiment is kept small compared to other
time scales in the system. Consequently, the EIT does
not play a significant role; the large group delay and high
OD are thus not necessary for obtaining the subnatural
linewidth. Furthermore, as the large-group-delay scheme
necessitates high ODs to achieve high efficiency for gen-
erating narrowband biphtons, our scheme can also re-
alize higher biphoton rate and brightness at moderate
ODs. Nevertheless, the biphoton generation with small
group delays typically results in either spectrally insep-
arable two-component biphotons or a linewidth limited
by the dephasing rates of both the excited and ground
states. To resolve these obstacles, we spectrally manipu-
late the two-component biphoton wavefunctions with an
off-resonance coupling field, thus allowing us to demon-
strate subnatural-linewidth biphotons in the sub-MHz
regime with small group delay and low OD.
To elaborate the importance of the off-resonance cou-
pling field, we consider the spontaneous FWM at low
OD such that the group delay of the anti-Stokes pho-
tons is smaller than other time scales in the sys-
tem. The wavefunction of the biphotons generated in
this regime [44, 45] (see Appendix for more details),
Ψ(tas, ts) = ψ(τ)exp[−i(ωc + ωp)ts], is predominantly
determined by the third-order nonlinear susceptibility
??
????????
??????????? ???? ?????? ????
????
??????
??
????????????
???? ????
?
????????????
???????
???
??? ???????? ???
???
???
??? ???
FIG. 2: Experimental setup. λ/4: quarter-wave plates,
PBS: polarizing beamsplitters, F: bandpass filters, M: mir-
rors, SPCM: single-photon counting modules.
χ(3)(ω), where
ψ(τ) ≃ − i
√
̟as̟sEpEcL√
8πc
∫
dωχ(3)(ω)e−iωτ , (1)
τ = tas − ts is the time delay between the detection
of the anti-Stokes and Stokes photons, ̟as (̟s) is the
center frequency of the anti-Stokes (Stokes) photons and
Ep (Ec) is the amplitude of the pump (coupling) field.
For Ωc ≫ |γ13 − γ12|,
χ(3)(ω) ≃ −Nµ13µ32µ24µ41/[4ε0h¯
3(∆p + iγ14)]
(ω − δ− + iγ+)(ω − δ+ + iγ−) ,(2)
δ± =
1
2
(∆c ∓ Ωe) , (3)
γ± =
(γ13 + γ12)
2
± ∆c
Ωe
(γ13 − γ12)
2
, (4)
where ∆p (∆c) is the detuning of the pump (coupling)
field, Ωe =
√
|Ωc|2 +∆2c is the effective Rabi frequency,
γ1j is the dephasing (spontaneous decay) rate of the state
|j〉, N is the atomic density and µlm is the atomic dipole
moment of the |l〉 ↔ |m〉 transition. The biphotons are
thus composed of two frequency components resulting
from two possible paths of FWM with red- and blue-
detuned anti-Stokes photons (detuning of δ+ and δ−),
respectively. If the coupling field is on-resonance, the
two-component biphotons either are spectrally insepara-
ble [Fig. 1(b)] or have linewidths limited by γ13 + γ12
[Fig. 1(c)].
If we introduce a detuning in the coupling field, the
linewidths of these two components (2γ− and 2γ+) are
both subnatural and can be tuned by controlling the cou-
pling detuning ∆c. This can be seen in Fig. 1(d), where
we calculate the linewidths for γ13 = 2π × 3 MHz, γ12 =
0.084γ13 and Ωc = 14.8γ13. For ∆c > Ωc (∆c < −Ωc),
the linewidth 2γ− (2γ+) approaches 2γ12 = 0.17γ13 and is
in the sub-MHz regime with a dominant spectral power
density [Fig. 1(e)]. Compared to the large-group-delay
scheme, the ultra-narrow linewidth is thus achieved with-
out the need of large group delay or high OD. In addition,
the generation of the subnatural-linewidth biphotons is
also more efficient at moderate ODs. For example, to
achieve a biphoton linewidth of 0.3 MHz at γ12 = 0.04γ13,
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FIG. 3: Biphoton wavepackets with (a) OD = 5, ∆c = 0 and
Ωc = 14.8γ13, (b) OD = 5, ∆c = 16.7γ13, and Ωc = 14.8γ13,
(c) OD = 5, ∆c = 28.3γ13 , and Ωc = 14.8γ13 and (d) OD = 5,
∆c = 45γ13, and Ωc = 14.8γ13. The measurement times are
300, 600, 3600, and 7200 s in (a-d), respectively. The time
bins are 1 and 0.25 ns in (a-b) and (c-d), respectively.
the generation rate R ∼ |Ψ(tas, ts)|2tc (tc is the time bin)
with OD = 5 will be 35-times higher than that of the
large-group-delay scheme [45] with OD = 100. To put
it another way, the large-group-delay scheme would need
an OD higher than 3000, which is very challenging if not
impossible with current technology, to obtain a similar
rate.
III. EXPERIMENTAL SETUP
The schematic of our experimental setup is illustrated
in Fig. 2. Time-energy-entangled photons are gener-
ated using an elongated cloud of 87Rb atoms in a two-
dimensional magneto-optical trap (2D MOT) with an
OD of 5, where the relevant atomic levels are |1〉 =
|5S1/2, F = 1〉, |2〉 = |5S1/2, F = 2〉, |3〉 = |5P1/2, F = 2〉
and |4〉 = |5P3/2, F = 2〉. More specifically, we drive the
atomic ensemble with two counter-propagating fields at
a tilt angle of 2.5o: the σ+-polarized coupling field ωc
is detuned from |2〉 ↔ |3〉 by ∆c and the σ−-polarized
pump field ωp is red-detuned from |1〉 → |4〉 by 14γ13.
Through the FWM, phase-matched Stokes (ωs, σ
+-
polarized) and anti-Stokes (ωas, σ
−-polarized) photons
are spontaneously generated in the backward-wave con-
figuration. The generated Stokes and anti-Stokes pho-
tons pass through a set of polarization and band-pass fil-
ters and polarization-maintaining single-mode fibers with
a coupling efficiency of 75%. Among these filters, we
use a Fabry-Perot etalon with 15-MHz bandwidth in the
anti-Stokes channel to spectrally select the subnatural-
linewidth biphotons out of the two FWM channels. The
temperature-stabilized etalon has a plano-convex geom-
etry with a transmission and FSR of 12% and 22.9 GHz,
respectively. The time-resolved coincidence counts of
the biphotons are then registered by two single-photon
counting modules (60% quantum efficiency) and a time-
to-digital analyzer (0.25 or 1 ns time bin) for analyzing
their temporal profiles.
IV. CONTROLLED QUANTUM INTERFERENCE
To generate the subnatural-linewidth biphotons at
low OD, it is important to control the two-component
biphoton wavefunction Ψ(tas, ts) from the two possible
FWM channels. Experimentally, this is observed by the
Glauber correlation function (see Appendix for more de-
tails),
G(2)(τ) = |Ψ(tas, ts)|2 ∝ [ e−2γ+τ + e−2γ−τ
−2 cos(Ωeτ)e−(γ++γ−)τ ], (5)
where the two components exhibit the exponential decays
with widths inversely proportional to their linewidths.
The quantum interference is revealed by their beating,
of which the frequency and width are determined by
Ωe and γ+ + γ−, respectively. By changing the cou-
pling detuning, we can thus control the ratio, linewidths,
and beating of the two components. We demonstrate
such ability by replacing the narrowband etalon (15-MHz
bandwidth) in the anti-Stokes channel with a broad-
band etalon (500-MHz bandwidth) in order to observe
their quantum interference. The measured biphoton
wavepacket for a resonant coupling field is shown in
Fig. 3(a), which exhibits a beating pattern with a pe-
riod equal to the frequency difference of the correspond-
ing anti-Stokes photons, δ+ − δ− = Ωc. With gs,as(τ)
and gs,s(τ) [or gas,as(τ)] denoting the normalized cross-
and auto-correlation functions, respectively, we obtain
C(τ) = g2s,as(τ)/gs,s(0)gas,as(0) > 1 with a peak value
of Cmax = 777± 75 at the maximum correlation, which
violates the Cauchy-Schwarz inequality [46] and confirms
the nonclassical correlation between the Stokes and anti-
Stokes photons. The temporal correlation also exhibits
beating pattern with period equal to the frequency differ-
ence of the corresponding anti-Stokes photons, δ+−δ− =
Ωc, thus manifesting the presence of quantum interfer-
ence between two possible paths of FWM. The biphoton
wavepacket can be described by the Glauber correlation
function (see Appendix for more details),
G(2)(τ) ∝ e−(γ13+γ12)τ [1− cos(Ωcτ)], (6)
as given by the red curve in Fig. 3(a) with OD = 5,
Ωc = 14.8γ13 and γ12 = 0.084γ13. As we increase the
detuning of the coupling field ∆c, the frequency dif-
ference δ+ − δ− = Ωe between the two possible anti-
Stokes or Stokes fields increases; the period of the beat-
ing thus decreases. This is evident in Figs. 3(b-d) for
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FIG. 4: Biphoton wavepackets (a) without and (b) with the
red-detuned anti-Stokes photons being discarded. The dots
and curves are the experimental data (1-ns time bin and 7500-
s measurement time) and theoretical fits, respectively. The
corresponding spectra (arb. units) are shown in the insets.
the detunings of 16.7γ13, 28.3γ13, and 45γ13, respec-
tively, where Cmax = 126 ± 13, 48 ± 5, and 20 ± 3.
The observed wavepackets are in good agreement with
the theory (red curves) for OD = 5, Ωc = 14.8γ13 and
γ12 = 0.084γ13. Moreover, we observe the increase of the
temporal length of biphoton wavepackets to 95, 150, and
175 ns in Figs. 3(b-d), respectively–an indication that the
linewidth of the biphotons with blue-detuned anti-Stokes
photons narrows as we increase the detuning [Eq. (4)]. In
addition, the beating area also reduces as the detuning
increases, which is in consistent with the theory [Eqs. (13-
4)] that a mismatch of linewidths or temporal lengths ex-
ists between the biphotons generated from two possible
FWM.
V. SUBNATURAL-LINEWIDTH BIPHOTONS
The observed prolongation of wavepacket’s temporal
length verifies the feasibility to generate narrowband
biphotons using low OD. For example, with coupling de-
tunings of 16.7γ13, 28.3γ13, and 45γ13 in Figs. 3(b-d),
respectively, subnatural linewidths of 0.42γ13, 0.28γ13,
and 0.22γ13 can be obtained if the biphotons with red-
detuned anti-Stokes photons are discarded. To demon-
strate this, we spectrally select the blue-detuned anti-
Stokes photons using a Fabry-Perot etalon with 15-MHz
bandwidth in the anti-Stokes channel. In addition, Ωc =
16γ13 and ∆c = 28.3γ13 are chosen so that the biphotons
with blue- and red-detuned anti-Stokes photons have a
frequency difference large enough to be distinguished by
the narrowband etalon filter. Fig. 4(a) shows the bipho-
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FIG. 5: (a) Unmodulated (black dots) and modulated (red
dots) single-photon wavepackets. (b) Measured periods of
quantum interference as a function of the coupling detuning.
The inset is the calculated wavepacket with ∆c = −100γ13
and Ωc = 30γ13.
ton wavepacket without the etalon filter at OD = 5. The
quantum interference between the biphoton wavefunc-
tion from two possible FWMs is clearly observed with
the beating frequency given by δ+ − δ−. With the inser-
tion of the narrowband etalon filter transmitting only the
blue-detuned anti-Stokes photons, the interference disap-
pears as shown in Fig. 4(b) where Cmax = 5 ± 1. The
resulting biphotons are now single-frequency with a sub-
MHz-linewidth of 0.28γ13 ≃ 859 kHz and τg = 16 ns as
obtained by fitting the measured biphoton wavepacket
(black dots) with the theory (red curve), which takes
into account the measured OD (5) and ground-state de-
cay rate (252 kHz in the presence of magnetic field in-
homogeneity from the magneto-optical trap). Correcting
for the quantum efficiency of each detector (60%), the
transmission of the broadband and narrowband etalon
filters (45% and 2.6% including the fiber coupling) in the
Stokes and anti-Stokes channels, respectively, the trans-
mittance in each channel (50%), and duty cycle (20%),
the generated paired rate is 10,368 s−1. We note that the
disappearance of the beating in Fig. 4(b) is also a solid
evidence of the quantum interference present with two
possible FWM, for example, in Figs. 3(a-d) or Fig. 4(a).
VI. APPLICATIONS
The controlled quantum interference demonstrated
here provides an useful means for shaping the biphotons
or heralded single photons generated by low-OD atomic
ensembles, which were not preferred previously because
of the short correlation time and the oscillatory pattern
in their wavepackets. As an example in Fig. 5(a) (black
5dots), we utilize ∆c = 28.3γ13 and Ωc = 15γ13 with-
out the narrowband etalon filter to prepare single (anti-
Stokes) photons heralded by the detection of Stokes pho-
tons. The single-photon wavepacket exhibits a long tem-
poral length of 150 ns suitable for waveform or phase
modulation [47]. More importantly, because of the tem-
poral length mismatch between the wavefunctions of two
possible FWM, the oscillatory pattern is limited to the
front of the wavepacket and allows a large area behind
for possible modulation. To modulate the wavepacket, we
pass the single photons through an electro-optic modula-
tor (20 GHz bandwidth) driven by an arbitrary function
generator (80 MHz modulation frequency). The modu-
lator is triggered by the detection signal of the Stokes
photons to ensure the synchronization of the arrivals
of single photons and the modulation signal. For this
purpose, a 35-m-long fiber is added in the beam path
of anti-Stokes photons. The modulated single-photon
wavepacket with two 50-ns-long square pulses (separated
by the pulse width) is shown by the red dots in Fig. 5(a);
the modulation would not be possible with resonant cou-
pling field because the oscillatory pattern will occur all
over the wavepacket [Fig. 3(a)]. In addition to the ar-
bitrary shaping of wavepacket, the quantum interference
itself can also be utilized to realize single or entangled
photons in a pulse train without the need of high-speed
intensity modulators. Fig. 5(b) shows the periods of
quantum interference (dots) in Fig. 3(a-d), which are in
good agreement with the theory (curve) and tuned by
controlling the coupling detuning. In the inset we also
show a calculated wavepacket that exhibits a pulse train
of 3-ns pulse width with ∆c = −100γ13 and Ωc = 30γ13.
VII. CONCLUSION
In summary, we have demonstrated biphotons with
subnatural linewidth in the sub-MHz regime utilizing
atomic ensemble with low OD. This is achieved by spec-
trally manipulating the two-component biphoton wave-
functions from two possible FWM channels. The bipho-
ton linewidth is only limited by the ground-state deco-
herence in the presence of the magnetic field inhomogene-
ity from our magneto-optical trap. By switching off the
magnetic field during the biphoton generation, it is pos-
sible to reduce the ground-state decoherence further and
obtain narrower linewidth. The detuned biphotons are
readily applicable to storage in the ultralow-noise room-
temperature quantum memory [48] and can be frequency-
tuned to resonance by acousto-optic modulators (typical
diffraction efficiency of 80%) if necessary. The temporally
long biphotons, without the oscillatory pattern across the
wavepacket, also allows the arbitrary shaping of the pho-
tons and the generation of Bell states with subnatural
linewidth [49] using a simpler setup.
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Appendix: Biphoton Wavepacket
In the perturbation theory [44, 45], the biphoton state
is given by
|Ψ〉 = − i
h¯
∫ +∞
−∞
dtHˆI |0〉, (7)
where the interaction Hamiltonian is
HI =
ε0A
2
∫ L/2
−L/2
dzχ(3)E(+)p E
(+)
c Eˆ
(−)
s Eˆ
(−)
as + h.c., (8)
A is the single-mode cross-section area, in which the gen-
erated fields are collected for the correlation measure-
ment, and L is the length of the atomic ensemble. The
positive-frequency part of the pump and coupling fields
are described by
E(+)p (z, t) = Epe
i(kpz−ωpt),
E(+)c (z, t) = Ece
i(−kcz−ωct), (9)
where Ep and Ec are the corresponding electric field am-
plitudes. Eˆ
(−)
s and Eˆ
(−)
as are the single-transverse-mode
operators of the Stokes and anti-Stokes fields,
Eˆ(−)s (z, t) =
√
h¯̟s
cε0πA
∫
dωaˆ†s(ω)e
i(ks(ω)z−ωt),
Eˆ(−)as (z, t) =
√
h¯̟as
cε0πA
∫
dωaˆ†as(ω)e
i(−kas(ω)z−ωt), (10)
Here aˆ†s(ω) and aˆ
†
as(ω) are the creation oper-
ators of the Stokes and anti-Stokes fields, re-
spectively, which obey the commutation relations
[aˆs(ω),aˆ
†
s(ω
′)]=[aˆas(ω),aˆ
†
as(ω
′)]=δ(ω−ω′), and ̟s (̟as)
is the center frequency of the Stokes (anti-Stokes) field.
Using Eq. (9) and Eq. (10), the interaction Hamilto-
nian and biphoton state can be obtained as follows,
HˆI =
ih¯L
2π
∫
dωasdωsκ(ωas, ωs)sinc
(∆kL
2
)
× aˆ†as(ωas)aˆ†s(ωs)e−i(ωc+ωp−ωas−ωs)t + h.c., (11)
|Ψ〉 = L
∫
dωasκ(ωas, ωp + ωc − ωas)sinc
(∆kL
2
)
×aˆ†as(ωas)aˆ†s(ωp + ωc − ωas)|0〉, (12)
6where ∆k = kas − ks − (kc − kp) is the phase-mismatch
function, κ(ωas, ωs) = −i(√̟as̟s/2c)χ(3)(ωas)EpEc is
the nonlinear parametric coupling coefficient, and
χ(3)(ω) =
Nµ13µ32µ24µ41
ε0h¯
3(∆p + iγ14)D(ω)
(13)
is the third-order nonlinear susceptibility [50–52] with
D(ω) = |Ωc|2− 4(ω+ iγ13)(ω−∆c+ iγ12). Here N is the
atomic density, ∆p and ∆c are the detunings of the pump
and coupling fields, respectively, γ1j is the dephasing
(spontaneous decay) rate of the state |j〉, Ωc = µ23Ec/h¯
is the Rabi frequency of the coupling field with Ec being
the complex amplitude of the electric field, and µlm is
the atomic dipole moment associated with the transition
|l〉 ↔ |m〉.
The Glauber correlation function is defined by
G(2)(tas, ts) = 〈Ψ|aˆ†s(ts)aˆ†as(tas)aˆas(tas)aˆs(ts)|Ψ〉
= |Ψ(tas, ts)|2. (14)
Here, aˆs(ts) and aˆas(tas) are the annihilation operators
of the Stokes and anti-Stokes fields, respectively, in the
time domain. Ψ(tas, ts) is the biphoton wavefunction,
Ψ(tas, ts) = ψ(τ)e
−i(ωc+ωp)ts , (15)
where
ψ(τ) =
L
2π
∫
dωasκ(ωas)Φ(ωas)e
−iωasτ , (16)
τ = tas − ts is the time delay between the detection of
the anti-Stokes and Stokes photons, and Φ(ωas) is the
longitudinal detuning function
Φ(ωas) = sinc
(∆kL
2
)
ei(kas+ks)L/2. (17)
In this work, the biphoton wavefunction is dominated by
κ(ω), which is associated with the third-order nonlinear
susceptibility χ(3), so that
ψ(τ) ≃ − i
√
̟s̟asEpEcL√
8πc
∫
dωχ3(ω)e−iωτ . (18)
By substituting Eq. (13) into the above equation,
ψ(τ) ≃ C
∫
dω
e−iωτ
(ω − δ+ + iγ+)(ω − δ− + iγ−) , (19)
where C = −i√̟s̟asEpEcLNµ13µ32µ24µ41e−i̟asτ/√
8πcε0h¯
3(∆p + iγ14). The Glauber correlation function
can then be evaluated using the residue theorem to be
G(2)(τ) =
1
2
|C|2(e−2γ+τ + e−2γ−τ (20)
−2 cos(Ωeτ)e−(γ++γ−)τ
)
Θ(τ),
where Θ(τ) is the Heaviside step function. If the coupling
is on-resonance, ∆c = 0, it can be reduced to
G(2)(τ) =
1
2
|C|2e−2(γ13+γ12)τ [1− cos(Ωcτ)]Θ(τ). (21)
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